Abstract. We prove that the existence of a finite Minkowski base for Okounkov bodies on a smooth projective variety with respect to an admissible flag implies rational polyhedrality of the global Okounkov body. As an application of this general result, we deduce that the global Okounkov body of a surface with finitely generated pseudo-effective cone with respect to a general flag is rational polyhedral. We give an alternative proof for this fact which recovers the generators more explicitly. We also prove the rational polyhedrality of global Okounkov bodies in the case of certain homogeneous 3-folds using inductive methods.
Introduction
During the last couple of years, the construction of Okounkov bodies of pseudoeffective divisors on a variety X has gained quite a lot of attention. Following an idea of Okounkov ([Ok96] ), it has been formally introduced independently by Kaveh and Khovanskii ( [KK12] ), and Lazarsfeld and Mustaţȃ ( [LM09] ). For details on the construction we refer to these two seminal papers. Noticed from the beginning, the most prominent feature of the Okounkov body ∆ Y• (D) of a given pseudo-effective divisor D with respect to some admissible flag Y • is the fact that its volume is independent of the chosen flag and recovers the volume of the divisor D.
The construction for one divisor D can be extended to the global situation of all divisors on a given variety as was shown in [LM09] . More concretely, there exists a closed convex cone ∆ Y• (X) in the direct product R n × N 1 (X) R such the fiber with respect to the second projection over each big divisor class [D] is the body ∆ Y• (D), i.e., pr
}. Determining Okounkov bodies in general as well as describing their geometric properties is notoriously hard, and the situation for global Okounkov bodies is even worse. It was proven by Anderson-Küronya-Lozovanu ([AKL12]) on one hand, and by the second author on the other hand (cf. [S12] ) in 2012 that ample line bundles always admit an admissible flag for which the Okounkov body is polyhedral. In fact, the first mentioned authors also prove this for semi-ample line bundles. For the global body, however, less in this regard is known. For Mori dream spaces, Okawa in [Oka10] gives conditions on a flag which would imply that the corresponding global Okounkov body is rational polyhedral. Toric varieties have polyhedral global Okounkov bodies with respect to a torus invariant flag [LM09, Proposition 6.1]. This also holds for projectivizations of rank two toric vector bundles ([G11]), and as was shown in [P11] , for rational complexity-one T -varieties. In [S14] , the second author of this paper shows that a homogeneous surface with a rational polyhedral pseudo-effective cone admits a rational polyhedral global Okounkov body. To our knowledge no other cases are known so far.
One approach to the determination of Okounkov body of big divisors on a given variety X has been presented in [L-SS13] and [PSU13] . The basic idea is to find elementary "building-blocks" from which all Okounkov bodies of pseudo-effective divisors on X can be constructed as Minkowski sums. For the cases of general flags on smooth surfaces and torus-invariant flags on toric varieties it was shown respectively in the above papers that there exists such a "Minkowski base". We recall the precise definition in section 1.
In the present note we investigate the consequences of the existence of a Minkowski base for the shape of the global Okounkov body. Concretely, we prove the following. More concretely, it is spanned by the set of vectors
We thus obtain concrete vectors generating the global Okounkov body in terms of the Minkowski base and the vertices of the corresponding indecomposable bodies. It turns out that in general the set of generators need not be minimal. By the above mentioned result from [L-SS13], the theorem yields the following.
Corollary 2. Let X be a smooth projective surface with rational polyhedral effective cone. Then the global Okounkov body ∆ Y• (X) with respect to a general flag is rational polyhedral.
As in the theorem, the generating set consists of vectors given by corners of Okounkov bodies of all Minkowski base elements. This result can be improved by methods not depending on the Minkowski base construction in the sense that we obtain explicitly a set of vectors generating the global Okounkov body. More concretely, in section 3 we prove the following.
Theorem 3. The cone ∆ Y• (X) is the closed convex cone generated by the vectors
where the D i are the generators of extremal rays of BKS-chambers, P i are their positive part, and A is the numerical class of the curve Y 1 .
The rational polyhedrality of the global Okounkov body in this setting does not come as a surprise. In fact, it appears to be considered folklore knowledge since the nice description of Okounkov bodies of divisors on surfaces in [KLM12] . However, we are not aware of a proof, let alone an explicit description of the generators, having been given so far.
In the final section of this note, we use the above result on surfaces to obtain a similar one for homogeneous 3-folds.
Throughout this paper we work over the complex numbers.
Minkowski chambers
In this section we recall the definition of a Minkowski base and introduce a crucial construction for the proof of Theorem 1, the Minkowski chamber decomposition.
Let X be a smooth projective variety over the complex numbers and let We will use the following.
Construction 1.2. (Minkowski chambers).
The Minkowski base induces a chamber decomposition of the pseudo-effective cone into simplicial cones, each spanned by exactly ρ of the Minkowski base elements and such that no Minkowski base element apart from the spanning ones is contained in any chamber. This decomposition is obtained as follows. If there is a Minkowski base element γ not contained in one of the rays spanning Eff(X) then decompose Eff(X) into subcones spanned by the sides of Eff(X) and the ray spanned by ρ. Repeat the process for each subcone until no Minkowski base elements apart from spanning ones lie in each cone. Now, we can pass to a triangulation of each subcone into simplicial cones without having to add any new rays. We call the resulting subcones Minkowski chambers of Eff(X).
Note that the chambers are rational cones (with generators the corresponding Minkowski base elements) and that the coefficients of the Minkowski decomposition are unique and vary linearly on the closure of each chamber, provided we allow only decompositions with respect to the base elements spanning the chamber. The chamber decomposition itself need not be unique but any triangular decomposition in the above sense will do for our purpose.
Example 1.3. Let π : X −→ P 2 be the blowup in two points p 1 , p 2 with exceptional divisors E 1 , E 2 . Denote by H the pullback π * (O P 2 (1)). The pseudo-effective cone Eff(X) is spanned by the classes E 1 , E 2 and H − E 1 − E 2 . Taking as a flag a general member C of the ample class 3H − E 1 − E 2 and a general point on it, following the algorithm in [L-SS13] we obtain the Minkowski base consisting of the elements
The following figure illustrates the corresponding chamber decomposition. 
We can now prove the following.
Theorem 2.1. Let X be a smooth projective variety and let 
Proof. Pick a Minkowski chamber decomposition as described in Construction 1.2. We prove that pr
is rational polyhedral for each Minkowski chamber C in the decomposition, from which it follows by a general combinatorial result ([Oka10, Lemma A.1]) that the cone pr −1 2 (Eff(X))∩∆ Y• (X) is already rational polyhedral. This implies that in fact the whole global body ∆ Y• (X) is rational polyhedral.
Let C be a chamber in the above decomposition spanned by Minkowski base elements
in other words, pr
hence it is in fact rational polyhedral as soon as the bodies ∆ Y• (D i ) are. Since this is the case for all Minkowski base elements D i by assumption, the cone pr
is rational polyhedral as well.
In order to apply the above theorem to the cases studied in [PSU13] and [L-SS13] first we make sure that the results obtained there for toric varieties and surfaces, respectively, yield Minkowski bases also in our sense.
All we need to do is to augment the Minkowski base consisting of movable divisors constructed in the papers by the supports of negative parts in the Zariski decomposition of big divisors. These correspond in the considered cases to finitely many effective divisors. Decomposing the Zariski decomposition D = P + N of a pseudo-effective divisor D as
with respect to Minkowski base elements, yields the decomposition of the Okounkov body
where by abuse of notation ν • (s j ) stands for the normalized valuation vector of a section s j ∈ H 0 (X, O X (mN j )) for large enough m. Now, the last summand exactly gives the translation ϕ from [PSU13, Definition 1.3]. We thus get the following.
Corollary 2.2. Let X be a smooth projective surface with rational polyhedral effective cone. Then the global Okounkov body ∆ Y• (X) with respect to a general flag is rational polyhedral.
Proof. This follows from Theorem 2.1 together with [L-SS13, Theorem] and the above argumentation.
By the same argument and citing [PSU13, Theorem 3.1], we also obtain the following, which was already noted in [LM09, Proposition 6.1].
Corollary 2.3. Let X be a toric variety. Then the global Okounkov body ∆ Y• (X) with respect to a torus-invariant flag is rational polyhedral.
Note that Theorem 2.1 in addition enables us in both cases to recover generators of the global Okounkov body. However, in general the generating set is not minimal. Some of the rays spanned need not be extremal in ∆ Y• (X). In the following section, we present a direct proof for the fact that the global Okounkov body is rational polyhedral in the setting of Corollary 2.2 which explicitly gives a set of generating vectors, which in general is smaller than the set given by Theorem 2.1.
Generators of the global body of a surface
Let X be a smooth projective surface admitting a rational polyhedral pseudoeffective cone Eff(X). We consider the chamber decomposition introduced in [BKS04] . It follows from the assumptions that there are finitely many BKSchambers, whose closures are all rational polyhedral. Let {D 1 , . . . , D r } the union of the generators of all these closures of BKS chambers, and let D i = P i + N i be the Zariski decomposition of D i . Let us make explicit what we mean by a general flag on X. Let {E j } ∞ j=1 be an enumeration of the integral divisors in Eff(X) admitting a Zariski decomposition E j = P j + N j where both P j and N j are integral. Let s j ∈ H 0 (X, O X (N j )) be the defining section for N j .
We now define an admissible flag on X as follows. Let A be a big and semi-ample divisor, and let s A ∈ H 0 (X, O X (A)) be a section such that the zero set Z(s A ) is an irreducible curve which neither lies in the union of the base loci B(D i ), i = 1, . . . , r, nor in the union of the subvarieties Z(s j ), j ∈ N. Define Y := Z(s A ), and let p ∈ Y be a regular point which does lie in the union of the Z(s j ) and the B(D i ).
Let v be the valuation on C(X) * defined by the admissible flag
and let ∆ Y• (X) be the associated global Okounkov body.
Lemma 3.1. For each generator D i , with Zariski decomposition
holds.
Proof. By the choice of the point p, the defining section of mN i , for m big enough, has value zero. Hence,
Moreover, since p does not lie in the base locus of P i , we have (0, 0) ∈ ∆ Y• (P i ). Finally, since P i is nef, we also have (0,
X). The claim now follows from the convexity of ∆ Y• (X).
Theorem 3.2. The cone ∆ Y• (X) is the closed convex cone generated by the vectors
Proof. Let D be a big divisor, and let s ∈ H 0 (X, O X (D)) be a nonzero section with v(s) = (a, b).
, where E := D − aA. The numerical equivalence class of the divisor E lies in the closure of a BKS-chamber Σ P , for some big and nef divisor P . Let E = P E + N E be the Zariski decomposition of E. The (numerical equivalence class of the) divisor E can then be written as a linear combination
and where t i = 0 only for those [D i ] lying on the boundary of Σ P . By the linearity of Zariski decompositions on closures of BKS-chambers ([L-SS13, Proposition 2.3]), the positive part P E then decomposes as
Now, let m ∈ N be so big that mP E and mN E are both integral divisors. The section ζ m ∈ H 0 (X, O X (mE)) then factorizes uniquely as
, by the choice of the point p ∈ Y , since σ is one of the s j . Hence mb ∈ [0, mP E · A], so that
from which it follows that ((a, b), [D] ) lies in the closed convex cone generated by the vectors ((0, 0),
Hence, the global Okounkov body ∆ Y• (X) is contained in the closed convex cone generated by these vectors. In view of Lemma 3.1, equality thus holds.
Remark 3.3. If X is a homogeneous surface, i.e., carrying a transitive action of a connected algebraic group, every effective divisor is nef. In the case when the pseudo-effective cone is rational polyhedral, there is then only one BKS-chamber. The proof of the above theorem in this case then yields the proof of [S14, Theorem 4.3].
Example 3.4. Consider the situation of Example 1. Note that Eff(X) is finitely generated and we can apply the theorem once we fix a permitted flag. The divisor H is big and semi-ample, in particular, its general member C is an irreducible curve not contained in any negative part of big divisors on X. Fix a general point x on C to obtain a flag (C, x).
Note that Eff(X) decomposes into five BKS-chambers: the nef chamber and the four chambers corresponding to the big and nef divisors H, 2H − E 1 , 2H − E 2 , 2H − E 1 − E 2 . The classes ξ i in the theorem are given in the following table.
Chamber Generators The global Okounkov body of X with respect to the flag (C, x) consequently is generated by the following vectors:
To illustrate this result, let us check how the fiber pr 
Homogeneous 3-folds
Let X be a 3-dimensional homogeneous projective variety, i.e., X carries a transitive action of a complex connected algebraic group G, and let Y 1 ⊆ X be an smooth irreducible very ample divisor on X with defining section s Y 1 ∈ H 0 (X, O(Y 1 )). Assume further that both X and the divisor Y 1 have rational polyhedral pseudo-effective cones.
Since X is homogeneous, every effective divisor on X is nef (cf. • is rational polyhedral, by assumption, the closed convex subcone p
, where p 2 denotes the projection onto the second factor, is also rational polyhedral.
Let v : C(X) * → Z 3 be the valuation defined by the flag
= X, and let v 1 : C(Y ) * → Z 2 be the valuation defined by the truncated flag (4.0.1). We now define the semigroups
as well as the morphism
of semigroups. Then q extends uniquely to a linear map R 2 ⊕ N 1 (X) R → R 2 ⊕ N 1 (Y 1 ) R , which we will also denote by q. Here we have embedded R 2 into R 3 by the linear map (x, y) −→ (0, x, y). If C(S) ⊆ R 3 ⊕ N 1 (X) R and C(S 1 ) ⊆ R 3 ⊕ N 1 (Y 1 ) R are the closed convex cones generated by the semigroups S and S 1 , respectively, the inclusion
which follows by the same proof as [S14, Lemma 4.1], implies the equality
In particular, C(S) is a rational polyhedral cone. Let w 1 , . . . , w k ⊆ C(S) be integral generators of C(S). Proof. Clearly, all these vectors belong to ∆ Y• (X). On the other hand, let E be an effective integral divisor on X, and let s ∈ H 0 (X, O(E)) be a nonzero section. If s vanishes to order a along Y 1 , the section ζ := s/s a
This shows that the vectors (v(s
Corollary 4.2. Let G be a complex reductive group, and let P ⊆ G be a parabolic subgroup, such that the flag variety X = G/P is 3-dimensional. Then X admits a flag Y • for which the global Okounkov body ∆ Y• (X) is rational polyhedral.
Proof. Let B ⊆ P be a Borel subgroup of G with Lie algebra b, and let h ⊆ b be a Cartan subalgebra together with a choice Φ + of positive roots which exhibits b as the direct sum of h and the sum of the positive root spaces. Let 2ρ P ∈ h * be the sum of the fundamental weights which are not attached to simple roots of the Levi factor L P of P. It is well-known that the canonical line bundle K X is given by the line bundle L −2ρ P induced from the character exp(−ρ P ) of P , where the line bundle L ρ P is very ample. Hence, X is a Fano variety. Since L ρ P is very ample, we can now choose a smooth, and hence irreducible, divisor
By the adjunction formula we now have
, which shows that Y 1 is also a Fano variety. Hence, the pseudo-effective cone is rational polyhedral. Thus, X and the divisor Y 1 satisfy the assumptions of Theorem 4.1 Remark 4.3. The 3-dimensional flag varieties G/P , where G is a reductive complex group, and P ⊆ G a parabolic subgroup, are the following: the full flag variety C 3 , i.e., the variety of all flags of subspaces V 1 ⊆ V 2 ⊆ C 3 , where dimV 1 = 1 and dimV 2 = 2; the products P 1 × P 1 × P 1 and P 1 × P 2 ; and the Grassmannian of all Lagrangean subspaces of C 4 with respect to the standard symplectic form.
Finally, as an example of homogeneous 3-folds satisfying the above conditions, we consider certain abelian varieties. By [B98] the condition that Eff(X) be rational polyhedral is equivalent to X being isogenous to a product of non-isogenous abelian varieties of Picard number 1. This means X is either simple of Picard number one, or X is isogenous to Y 1 × E for an abelian surface Y 1 with ρ(Y 1 ) = 1 and an elliptic curve E, or X is isogenous to E 1 × E 2 × E 3 for non-isogenous elliptic curves E i .
We prove the following 
